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—— Abstract

Constraint satisfaction, the task of finding an assignment of variables that respects a set of constraints,

is a key area in artificial intelligence, with many industrial applications. In general, many constraint
satisfaction problems are NP-hard; hence, exhaustive searches are intractable. Local search is a
popular paradigm for solving such problems: instead of exploring the entire search space, local
search solvers transition, for a limited number of steps, from one assignment to another, guided
by hand-crafted, problem-dependent heuristics. Recently, neural networks have been studied as
a means of automatically learning heuristics for transitioning between assignments. A particular
class of neural local search solvers uses neural networks as generative models to produce joint
probability distributions over the problem’s variables, conditioned on the current assignment. Then,
transitioning to the next assignment is done by sampling from the generated probability distribution.
However, these solvers do not integrate constraint reasoning; hence, any assignment can be generated
during the local search. In this work, we propose to integrate knowledge compilation into neural
local search solvers. By first compiling constraint satisfaction problems into multi-valued decision
diagrams (MDDs) and sampling assignments in them, constraints can be applied to reduce the
number of unsatisfying assignments in the sampling space. Our experiments show that using MDDs
yields a sampling space that can be orders of magnitude smaller while incurring negligible overhead.
Moreover, our MDD-based sampling procedure significantly improves the number of instances solved
on Sudoku and graph colouring problems.
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1 Introduction

Constraint satisfaction, the task of finding an assignment to discrete variables that respects a
set of constraints, and its optimisation version, are fundamental fields in artificial intelligence
with numerous industrial applications, including scheduling, planning, resource management,
and vehicle routing. Solving such problems often requires exploring an exponentially large
solution space; hence, exhaustive searches may not finish within a reasonable time. Local
search (LS) solvers alleviate this problem by avoiding classical search and instead transitioning
from one assignment to another over a finite number of steps. Modifying an assignment
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Neural Local Search Enhanced with Knowledge Compilation

can be viewed as two processes: a destruction process that determines which variables
of the current assignment to modify, and a repair process that assigns new values to the
destroyed variables. The performance of LS solvers heavily depends on the quality of these
two processes, which are often based on hand-crafted, problem-dependent heuristics.

In recent years, there has been a growing interest in leveraging machine learning, par-
ticularly neural networks, to solve combinatorial optimisation problems [4]. Neural local
search (NLS) solvers are LS solvers that rely on a heuristic learned by a neural network
to transition between assignments [20, 22]. They operate in two stages. First, during the
training stage, the neural network parameters are learned on small or random instances
using classical machine learning techniques. Then, at inference time (i.e., when solving a
new instance), the neural network is used to transition from one assignment to another,
starting from a randomly chosen one. NLS solvers considered in this work generate, from an
assignment, a joint probability distribution on the problem’s variables, and the local move
consists of sampling new values from this distribution [20, 22]. To make sampling efficient,
these solvers assume independence between the variables; hence, the neural network produces
a distribution over their domain, and they are sampled independently.

These neural solvers present various advantages. First, they automatically learn heuristics
during the training phase to explore the search space. This eases modelling optimisation
problems, as there is no need to design the heuristic by hand. Moreover, it has been shown that
heuristics learned by neural networks can outperform classical heuristics (i.e., they reduce the
search space more in classical depth-first search) [5]. Moreover, by refining the assignment in a
local-search-style manner, they will produce, with enough iterations, a satisfiable solution, in
contrast to one-step neural predictors. Finally, modern methods employ neural architectures
that, in theory, can operate on problems with arbitrary constraints [20, 22].

However, the main limitation of purely NLS solvers is that they do not integrate constraint
reasoning and instead rely solely on the neural network to produce consistent distributions.
For example, let us consider a problem with two binary variables linked by an inequality
constraint, and the network produces uniform distributions on their domain. Then, sampling
these distributions independently yields unsatisfiable assignments with probability 0.5. On
the contrary, sampling one variable after another and integrating constraint reasoning always
yields a satisfiable assignment. Moreover, although modern NLS solvers are designed to handle
arbitrary constraints, they have only been evaluated on problems with simple constraints.
For example, the ConsFormer solver has been benchmarked on problems containing only
inequality constraints [22]. Learning to find solutions to problems with semantically more
complex constraints (e.g., cardinality constraints, grammar constraints) seems currently out
of reach for purely neural methods.

Constraint reasoning is a well-studied field in symbolic Al. Knowledge compilation is the
task of transforming a knowledge base (e.g., a set of constraints) into a target language that
supports various forms of reasoning. In this work, we consider the compilation of constraint
satisfaction problems into multi-valued decision diagrams (MDDs). In this context, an MDD
compactly encodes assignments to the variables of a CSP as a directed, layered, acyclic
graph. During the compilation of such a data structure, reasoning is already applied, thereby
removing infeasible solutions. Compiling an exact MDD yields the exact set of solutions;
however, for NP-hard problems, this is often intractable. Relaxed MDDs encode a superset
of the solutions; hence, they are a relaxation of exact MDDs. For instance, they can be
obtained by bounding the width of the layers in an exact MDD and merging nodes that
would otherwise be distinct, introducing non-solutions in the MDD [1, 6, 10].

The contribution of this work is the integration of constraint reasoning, via knowledge
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compilation and MDDs, into neural local search solvers. We focus on such an integration
at inference time, when solving a new, unseen instance. We propose to integrate constraint
reasoning as a pre-processing step in the inference process of NLS solvers. First, the CSP
is compiled into a relaxed MDD using knowledge compilation techniques. During this
compilation process, constraints are applied, reducing the number of unsatisfying assignments
stored in the MDD. During the neural local search, instead of sampling independently from

the generated distributions, we sample an assignment in the MDD using these distributions.

By sampling in a relaxed MDD with fewer infeasible assignments, we expect to produce better
solutions, ultimately leading to finding feasible solutions in fewer iterations. We implemented
this framework as an extension of ConsFormer, a recently proposed transformer-based NLS
solver [22]. Our experiments show that integrating knowledge compilation significantly
increases the number of solved instances on the Sudoku and the graph colouring problems
while incurring a reasonable overhead.

2 Problem Definition and Formalisation

In this section, we give the necessary information regarding constraint satisfaction problems,
multi-valued decision diagram compilation, and neural local search solvers.

2.1 Constraint Satisfaction with Multi-valued Decision Diagrams

Let P = (X, D, C) be a constraint satisfaction problem over variables X = {X3,..., X,,} with
domain D = {Dy,..., D,} and constraints C = {C1,...,Cy,}. We denote x = (x1,...,2,)
an assignment to the variables, with x; € D;. A constraint C; € C can be seen as a
function over its scope Y C X, indicating which assignment is valid or not. For example,
the Al1Different (Y) returns true if and only if all variables in Y take different values. A
solution to P is an assignment respecting all constraints.

» Example 1 (Graph Colouring). As a running example, let us consider the graph colouring
problem. This problem consists of assigning colours from a limited set to the nodes of a
graph such that no two adjacent nodes share the same colour. Below is an example of a
graph with a valid colouring of its nodes, assuming the maximum number of colours is 3.

More formally, let G(V,E) be an undirected graph with n = |V| nodes and edges E. To
encode the graph colouring problem as a CSP, we model each node with a variable whose
domain is the set of colours. That is, we have X = {X;,...,X,} with Dy =...,=D,, =
{1,...,k}. There is one constraint C' per edge (V;,V;) € E defined as C = X; # X;.

In the context of constraint satisfaction problems, a multi-valued decision diagram is a
rooted, directed, acyclic graph that encodes the solutions to P. In such a representation,
each path from the root to the sink encodes a solution; nodes correspond to variables, and
outgoing edges correspond to domains’ values. In this work, we consider layered-organised
MDDs in which all nodes of a given layer correspond to the same variable.
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» Example 2 (Graph Colouring (cont.)). Let us consider again the graph colouring problem
on the graph shown in Example 1. In the previous example, we showed a possible valid
assignment, but many more exist. The MDD below encodes all feasible colour assignments.
The decision variable associated with each layer is shown on the left, and labels on the edges
are values from its domain.

Xo

X3

X4

X5

Xa

Figure 1 An exact MDD encoding all solutions to the graph colouring problem in Example 1

Each path from the root to the sink (the white dot) is a full assignment to the CSP’s variables.
It can be seen that constraints have been applied; for example, in the second layer, each
node has two outgoing edges rather than three, ensuring that the assignments are consistent
with the constraint Xo # X3.

Creating an MDD that represents the exact set of solutions is at least as hard as solving
the initial problem; hence, it is not always possible to construct one. Relaxed MDDs; i.e.,
MDDs representing a superset of the solutions, are designed to be easier to construct, at the
cost of not always providing a feasible solution. Typically, to construct such relaxed diagrams,
a constraint is imposed on the width of the MDD (i.e., the maximum number of nodes in a
layer). This implies merging nodes, which makes some assignments indistinguishable; hence,
unsatisfying assignments are included in relaxed MDDs.

The framework we use in this work to construct (relaxed) MDDs is the node splitting
and refinement process [1, 6, 9]. In this framework, the compilation process starts with a
fully relaxed MDD of width 1 that encodes all assignments. In such an MDD, all paths go
through the same nodes, and assignments are indistinguishable. Then, a node is selected
for splitting: it is duplicated, and its incoming edges are redirected to the new nodes, while
its outgoing edges are copied. Doing so increases the number of paths that are distinct in
the succession of nodes they traverse, thereby enabling the distinction between assignments.
Hence, constraint propagation can be applied to remove some unfeasible paths; this is the
refinement step. Constraint propagation removes edges in the MDD and nodes that become
unreachable from the root or cannot reach the sink. After this refinement step, the number
of nodes in a layer can exceed the maximum authorised width, in which case some nodes are
merged together.
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» Example 3 (Graph Colouring (cont.)). Let us illustrate the compilation process on our
graph colouring example. The figure below shows a relaxed MDD at different stages of
compilation, with a maximum width of 2. For clarity, we represent multiple edges with the
same source and target as a single edge with multiple assignments on its label.

Xo

1 2,3
X3

1,2,3

X4

1,2,3
X5

1,2,3 1 2 1,2,3
X1 ®

1,2,1 2,3 1,2,3

(e) (d)

Figure 2 Example of compilation process, by splitting and refinement, of a relaxed MDD for the
graph colouring problem of Example 1

In (a), the MDD is completely relaxed with one node per layer; this is the initial MDD that
encodes all assignments. Then, in (b), the node in the second layer, associated with X3, is
selected for splitting and refinement. It can be seen that, in that case, different assignments
emerge, reflecting the possible choices for X5. The constraint X # X3 can be applied to
remove invalid assignments in the second layer, which are highlighted in red. For example, if
Xs =1 (leftmost outgoing edge), then X3 can not be 1, and this edge is removed. At this
step, the number of nodes in the second layer exceeds the maximum width constraint. Let
us assume that the heuristic selects the rightmost nodes for merging, resulting in the relaxed
MDD in (c). This process can be repeated for each layer, in order, resulting, for example, in
the final relaxed MDD shown in (d). It can be seen that this MDD is smaller than the exact
MDD shown in Figure 1, but includes invalid assignments.

2.2 Neural Local Search Solvers

Local search solvers work by producing a sequence of assignments (x!,...,x!) to a CSP
P until either x* satisfies all constraints C, or the solvers reach a limit 7' (e.g., a number
of steps, or a time limit). LS solvers implement various heuristics to detect which part to
modify to go from an assignment x’ to an assignment x?*!. NLS solvers, on the other hand,
guide exploration of the search space using neural networks.

NLS solvers considered in this work proceed as follows [20, 22]. Intuitively, these solvers
treat the problem’s variables as random, and the neural network acts as a generative
model that outputs a joint probability distribution over these variables, conditional on the
current assignment and the constraints. Then, a new assignment can be sampled from this
distribution. To make the sampling of this distribution tractable, independence between
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the variables is assumed, so that each variable can be sampled independently in parallel,
leveraging modern GPU architectures.

Formally, let ® be a trained neural network and x’ an assignment to the variables X
of a CSP P = (X, D, C). Evaluating ® results in n probability distributions, one over the
domain of each variable. Hence, the joint probability distribution to sample from can be
factorised as follows

P(Xy,..., X, |, P) =[] P(X; | x,P).
j=1

For clarity, in the rest of this paper, we denote simply by P(X;) the conditional probability
distribution P(X; | x*~1,P) when x*~! and P are clear from the context.

3 Related Work

On the symbolic side, multi-valued decision diagrams have emerged as a practical approach
for efficiently solving satisfiability and optimisation problems. For example, it has been used
in standalone solvers based on depth-first search [3, 7, 14, 13], branch-and-bound [18], or in
iterative solvers, refining a relaxed MDD with conflict analysis [11, 21]. Decision diagrams
have also been integrated into constraint programming [1, 6, 9, 10]. In particular, some
global constraints (i.e., constraints defining complex semantics over a subset of variables),
have been adapted to work on MDDs [8, 10]: given a relaxed MDD, specialised algorithms
can be applied on it to remove inconsistent arcs.

On the neural side, our work aligns with two recently proposed neural local search
solvers. ANYCSP uses a graph neural network as a generative model to guide exploration of
the search space [20]. They represent the CSP as a constraint-value graph with nodes for
variables, domain values, and constraints. To guide the generation of the distribution, they
label value-to-constraint edges with a binary indicator indicating whether a value will help
satisfy the constraint. On the other hand, the solver we consider in this work, referred to
as ConsFormer, is based on a transformer architecture[22]. The primal graph of the CSP
is used in the relative positional encoding to guide the generative model. A key aspect of
ConsFormer is that it changes only a subset of the assignment at each local search step.
While in the original paper, this subset is randomly selected, the authors recently proposed
an extension of ConsFormer that employs more advanced techniques [23].

4 MDD-Based Sampling for Neural Local Search Solvers

The intuition behind our method is as follows. NLS solvers such as ConsFormer [22] or
AnyCSP [20] generate a probability distribution over all possible assignments and sample each
variable independently. In the problem described in Example 1, all 3° = 243 assignments can
be sampled when using these solvers, but there are only 24 solutions. For more challenging
CSPs, the proportion of solutions can be significantly lower. The main idea behind our
approach is to leverage relaxed MDDs to reduce the number of unfeasible assignments that
can be sampled. In Figure 2, the final relaxed MDD encodes 194 assignments, a reduction of
roughly 20%. Hence, for a set of distributions P(X7),..., P(X,), the probability of sampling
a feasible assignment is higher when sampling a path in a relaxed MDD, since there are
fewer unfeasible assignments. Our new sampling procedure traverses the MDD from the
root to the sink and, at each layer associated with variable X;, samples an edge according
to the neurally-generated probability distribution P(X;). Note that the generation of the
distribution (i.e., the neural architecture) is not changed in this work.
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Algorithm 1 RelaxedMDDSampling(P(Xi),...,P(Xn), M)

input :Probability distributions P(X3),..., P(X,)
input :A relaxed MDD M with root r and sink s

output : An assignment x = (x1,...,2,) such that its path exists in M and is
sampled proportionally to [, P(X;)

/* Empty assignment of size n */
1 x4+ ()"
2 V4T
3 while v # s do
4 X; < decision variable associated with node v

/* Sample an edge from v to w with label [ */

5 (v,u,l) < Sample (P(X;),v)
6 X; < l
7 v u
8 end
9 return x

Algorithm 1 shows our new sampling procedure. It starts from an empty assignment
(line 1) and sets the current node as the root of the MDD (line 2). Then, it traverses the
MDD until the sink is reached (lines 3-8). At each step, an edge (i.e., a labelled pair or
nodes) is sampled according to the distribution associated with the current layer’s decision
variable (line 5), and its label (1) is assigned to the decision variables (line 6). Then, the
current node is updated by following the edge (line 7).

This sampling procedure can be integrated into a NLS solver using the loop shown
in Algorithm 2. It starts by compiling a relaxed MDD of maximum width W, encoding
assignments of the input CSP (line 1). If the MDD is empty (i.e., all nodes have been removed
during constraint propagation), then the problem is unsatisfiable (e.g., it is impossible to
colour a graph containing a clique of size 4 with 3 colours), and UNSAT is returned (line 2). If
the MDD contains a path passing only through non-relaxed nodes, this path is assured to be
a solution to the CSP, and the corresponding assignment is returned (line 3). For example,
in Figure 2, the leftmost path of the final MDD contains only nodes that have not been
merged; hence, it is guaranteed to be a valid colouring. If no exact path exists and the MDD
is not empty, the local search (lines 6-15) starts from a random assignment (line 4). While a
solution has not been found, or the maximum number of steps is not reached, distributions
are generated over the variables’ domain (line 7) similarly to classical NLS solvers, and a
new assignment is sampled from the relaxed MDD, using Algorithm 1 (line 8).

Key aspects of Algorithm 2 are the UNSAT check as well as the extraction of a solution
directly from the relaxed MDD, when it contains an exact path. During the initial compilation,
we heuristically merge nodes linked to the most relaxed nodes; hence, this heuristic aims to
preserve as many exact paths as possible. However, if this fails, and the NLS is started, it
may be beneficial to leverage the neural network to guide a recompilation process. Hence, we
propose to recompile the MDD periodically in a neurally guided manner (lines 9-13). During
this recompilation, all solutions sampled since the last compilation are used to guide the
merging heuristic. We implemented a simple neural-based heuristic to guide the merging
process: we merge nodes whose outgoing edges are labelled with values that were least
selected in the last assignments.
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Algorithm 2 MDD-NLS(P,®, T, W,r)

input :A CSP P =(X,D,C)
input :A trained neural network ¢
input :A maximum number of steps T
input :A maximum width W for the relaxed MDD and a recompilation frequency r
output : UNSAT, a solution to the CSP, or the last found assignment in the local
search
M < CompileRelaxMDD (P, W, ())
if M is empty then return UNSAT
if M has an ezact path with assignment x* then return x*
x% < random assignment
141
while x*~! is not a solution of P and i < T do
P(Xy),...,P(X,) «+ ®(x,P)
x' +— RelaxedMDDSampling (P(X1),..., P(X,), M)
if (¢ mod r) = 0 then
M < CompileRelaxMDD (P, W, (i7" ... %))
if M is empty then return UNSAT
if M has an exact path with assignment x° then return x°

1

© W N & ok~ W N =

[
N = O

13 end
14 141+ 1

15 end

16 return x*—!

5 Experimental Results

To showcase the effectiveness of our approach, we implemented our MDD-based neural
local search solver as a modification of ConsFormer [22]. We evaluate our approach against
ConsFormer on two satisfaction problems: Sudoku and graph colouring.

5.1 Experimental setup

We based our implementation on ConsFormer’s source code, which is freely available online?.
We trained the neural networks using the hyperparameters reported by ConsFormer’s au-
thors [22], and our baseline’s performance matches theirs. We also use the same train and
test datasets as the ones used by ConsFormer [22].

For the Sudoku, training instances consist of 9 x 9 grids with between 39 and 50 missing
cells. For conciseness, we omit benchmarks on the test instances, as they are easily solved by
all methods, and we focus on out-of-distribution instances that are 9 x 9 grids containing
between 47 and 64 missing cells. For graph colouring, training instances consist of random
graphs with 50 nodes that must be coloured with 5 colours. Out-of-distribution instances are
graphs with 100 nodes that must be coloured with 5 colours. We set the maximum number
of steps to 20,000 for Sudoku and 10,000 for graph colouring instances.

Regarding the MDD compilation, we used a modified version of the MaxiCP solver,

2 At the time of the writing, only the source code for the initial ConsFormer is available; we leave
experiments with the advanced subset selection strategy for further work.
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implemented in Java, that integrates MDD compilation using the split and refine framework, as

well as constraint propagation for A11Different and inequality constraints on MDDs [8, 19].

We limit the available memory to 16 GB for the compilation process. We use the following
heuristic to order the variables in the MDDs. For Sudoku, the variables in the first layer
correspond to prefilled values; for graph colouring, the first variable corresponds to the node
of highest degree. Then we use the same heuristic for both problems: the variable selected at
layer i is the one most constrained by variables in layers j < ¢. We use this heuristic because
it has been shown to perform well for solving graph colouring problems with MDDs [21].
We implemented our sampling method in PyTorch [2], so that it is integrated with the

current ConsFormer codebase and allows for solving multiple instances at the same time.

Given a batch of instances, the MDDs are compiled using the MaxiCP Java implementation
and are then stored in tensors. An MDD can be stored in two tensors, using a flattened
representation. The N nodes of the MDD are implicitly stored using indexes ranging from 0
to N — 1. The first tensor is a (N, D)-shaped tensor (D being the number of values in the
variables’ domain) encoding the structure of the MDD. It stores, for each node v and possible

label [, the index of the node reached by following the outgoing edge of v labelled with (.

If an edge does not exist, —1 is used, as it does not correspond to any node. The second
tensor is a (IV,|X])-shaped tensor, mapping each node to its decision variable. Using these
two tensors, it is possible to traverse the MDD and assign values to the decision variables.

We evaluate two versions of our method. First, the complete implementation of our
method, denoted ConsFormer-MDD. Then, to evaluate the impact of sampling paths in the
MDD, compared to just detecting UNSAT and exact paths, we evaluate a version of our
method in which the MDD is compiled, but the distributions are sampled independently, as
in the initial ConsFormer, denoted ConsFormer-MDD-mix.

5.2 Sudoku

We implemented Sudoku using the classical encoding with one Al11Different constraint
per row, column, and block. Figure 3 shows the proportion of solved instances over the
number of iterations. We show one cactus plot per configuration, where » = 0 indicates no
recompilation. We also show a virtual best solver (VBS) across all configurations. When
the maximum width for MDD compilation is 1, we do not recompile because no splitting or
merging is performed; hence, recompiling would result in the same MDD.

It can be seen that, overall, integrating knowledge compilation results in a higher number
of solved instances, even when the maximum width is 1. In this configuration, only the
AllDifferent propagator is launched (no nodes are split), but infeasible values are still
removed (e.g., if a cell is prefilled with 8, this value is removed from all other cells in its
row, column, and block). Due to the number of missing values and the strong propagation
power of the Al1Different constraint, the number of unfeasible assignments removed is
high. On average, in our benchmark, ConsFormer samples from 7 x 10%° assignments while
the average number of paths encoded in the relaxed MDDs is 6 x 104°. Applying constraint
propagation drastically reduced the number of assignments to sample from.

Increasing the maximum width for compilation does not significantly increase the overall
number of solved instances, but it increases the number of instances for which an exact
path is found during compilation. Moreover, periodically recompiling MDDs helps with the

solving process, as small bumps are observed at recompilation iterations, especially the first.

Finally, it can be seen that our mixed approach ConsFormer-MDD-mix performs better
than the basic ConsFormer, but worse than our full approach ConsFormer-MDD. Hence, on
this problem, sampling paths in the MDD is beneficial.
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Figure 3 Proportion of instances solved over the number of iterations on the out-of-distribution
dataset for the Sudoku (47 to 64 missing cells) for various configurations for the MDD (re-)compilation.

5.3 Graph Colouring

Now, we consider the graph colouring problem, as described in Example 1. We encode this
problem with one variable per node and inequality constraints between adjacent nodes. To
be efficient, we must implement two optimisations. First, we detect symmetrical nodes using
Nauty [12]. Such nodes can be swapped without changing the graph’s structure; hence,
given variables X1, ..., X,, representing m symmetrical nodes, we impose X7 < ..., < X,,.
Moreover, we detect cliques in the graph to strengthen constraint propagation. Indeed,
nodes in a clique must take different values, which can be encoded using an Al1Different
constraint, whose propagation is stronger than the pairwise inequality constraint [16, 17].
However, finding all cliques is computationally intractable; hence, given a graph colouring
problem with k colours, we find all cliques of size at most k + 1 using Cliquer [15]. Finding
larger cliques is unnecessary, since finding a clique of size k+1 makes the instance unsatisfiable.

Figures 4 and 5 show the proportion of solved instances over the number of iterations
for, respectively, the in-distributions and out-of-distribution datasets. It can be seen that,
while MDD-based sampling helps solve more instances, the improvement is less marked
than on the Sudoku. This can be explained by considering how much the search space is
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Figure 4 Proportion of instances solved over the number of iterations on the in-distribution
dataset for the graph colouring (50 vertices and 5 colours) for various configurations for the MDD
(re-)compilation.

reduced when applying constraint propagation (i.e., MDD of width 1). While for Sudoku,
the number of encoded paths was 10'° times smaller, for graph colouring, a 1-width relaxed
MDD encodes between 1% and 2% of the initial number of assignments. Due to this weaker
pruning capability, the maximum width allowed during compilation is also smaller. In our
experiments, instances with 100 nodes reach an out-of-memory state when compiled with a
maximum width W = 100.

However, a key advantage of our method is its ability to detect UNSAT instances. While
ConsFormer does not check for unsatisfiable instances, our method handles that seamlessly.
Al1Different constraints on cliques detect roughly 10% of UNSAT instances in both in-
distribution and out-of-distribution datasets.

5.4 Runtime Overhead

Finally, we analyse the overhead induced by Algorithm 2 compared to ConsFormer. There
are two sources of overhead, one from compiling relaxed MDDs and one from the sequential
sampling of an assignment, compared to the parallel sampling of ConsFormer. Table 1 shows
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Figure 5 Proportion of instances solved over the number of iterations on the out-of-distribution
dataset for the graph colouring (100 vertices and 5 colours) for various configurations for the MDD
(re-)compilation.

the average overhead of our method. For each problem, we show the average time to compile
the relaxed MDDs for various maximum widths and the slowing factor of the sequential
sampling. We also report the average time required by ConsFormer to solve a problem
instance.

The cost of compiling a relaxed MDD can be controlled with the maximum width, allowing
a balance between search space reduction and runtime. For example, for the graph colouring
instances we evaluated, many instances can be detected as infeasible by compiling a relaxed
MDD of width 1, which takes one second for the larger instances.

The overhead induced by our sequential sampling is also limited. While the number of
sampling steps increases linearly with the number of variables, the slowing factor on the
iteration’s runtime increases more slowly. For example, for the out-of-distribution graph
colouring instances, our sampling strategy traverses a MDD with 100 layers, but the iterations’
runtime is less than twice the ConsFormer’s iteration runtime. For the smaller graphs, the
overhead is more significant, but our method is still less than an order of magnitude slower
than the initial ConsFormer. Further development is needed to optimise our MDD tensor
implementation to reduce this overhead.

Overall, there is a tradeoff between compilation time and epoch overhead. For instance, in
Sudoku, there is no overhead to running MDD-based sampling, which improves the number
of solved instances. On the other hand, for graph colouring, our current implementation
incurs overhead and does not scale well with MDD width, without increasing the solver’s
capabilities. In this case, a mix strategy such as ConsFormer-MDD-mix is preferable.
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Problem Baseline avg. runtime (s) Metric W=1 W=10 W=100 W=1000
Sudoku 975.93 Compilation time (s) 0.22+0.01 - 0.68+£0.33 2204241
Iteration runtime increase factor 1.00 - 1.02 1.19
ilation ti 049+0.14 1.71+£1.00 7.61+5.5¢
GCOL (V| = 50) 24.60 F}omplé 1011A ime (s) 0.49 £ O 00 6 5
Iteration runtime increase factor 3.40 3.37 3.34
C ilation ti 1174042 4.82+1.76
GCOL (|V| = 100) 92.88 Compilation time (s)
Iteration runtime increase factor 1.70 1.67

Table 1 Runtime overhead of MDD-based sampling for different maximum widths. For each
problem, the average runtime needed by ConsFormer to solve one instance is indicated (second
column). Dashed entries indicate configurations that have not been run in our experiments. The
top line of each problem shows the average runtime (in seconds) for compiling the relaxed MDD,
along with the standard deviation. The bottom line for each problem shows the slowing factor of
MDD-based sampling.

6 Conclusion

In this work, we proposed a new methodology for solving constraint satisfaction problems
using neural local search solvers. While the neural search solvers we studied in this work
do not integrate constraint reasoning into their local search, we propose integrating know-
ledge compilation to guide the search towards higher-quality assignments. In a first phase,
our method compiles the CSP into a relaxed multi-valued decision diagram, enabling the
application of constraints and thereby removing infeasible assignments. Then, during the
local search, generated assignments are restricted to those that appear in the relaxed MDD.
We implemented our framework as an extension of the ConsFormer solver, using PyTorch.
Our experiment shows that integrating constraint reasoning into neural local search solvers
significantly improves their performance while incurring a reasonable overhead.

In this paper, we implemented our framework using existing solvers, that is ConsFormer
and MaxiCP. MaxiCP has not been designed to be integrated with neural local search solvers.
Moreover, when recompiling relaxed MDDs, the compiler starts from scratch, considering
only the solutions generated during the previous steps of local search. We leave as future
work the design of a compiler aimed towards neural solvers. In this work, we focused on
modifying the inference stage of NLS solvers. How to integrate knowledge compilation into
the training pipeline for NLS solvers remains an open question. Another interesting research
direction is applying our framework to optimisation problems, as they are encoded differently
than CSP’s when solved using MDDs. Finally, problems with semantically more challenging
constraints are also left for future work.
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