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1 Introduction9

Large language models (LLMs) have recently made remarkable progress in mathematical10

reasoning and formal theorem proving. However, it remains unclear to what extent these11

achievements reflect the intrinsic proof-construction ability of LLMs rather than reliance on12

theorem retrieval, external libraries such as Lean’s Mathlib, and automated tactics [3].13

To investigate this question, we study theorem proving in a controlled proof-from-scratch14

setting, where models cannot rely on pre-established lemmas, libraries, or tactics. Building on15

our previous work [1], we evaluate LLMs’ performance on direct inductive proofs, including16

proofs requiring nested induction. For comparison, we also evaluate algebraic proofs in17

elementary arithmetic. To assess proof construction across varying levels of complexity, we18

also evaluate models on commutativity theorems formalized and verified in Lean.19

2 Problem Setting and Experiment Design20

We evaluate LLMs on the following proof styles over elementary arithmetic.21

Direct inductive proofs are proofs constructed using only mathematical induction over the22

natural numbers together with the recursive definitions of addition and multiplication.23

When required, proofs must explicitly employ nested induction.24

All direct inductive proofs can be formalized within a restricted fragment of quantifier-free25

Primitive Recursive Arithmetic (PRA) [5]. Although the target domain is limited to a simple26

fragment of PRA, nested induction still gives rise to nontrivial proof structures and requires27

careful management of induction hypotheses [2].28

We also compare the following styles of proofs:29

Inductive proofs with lemmas allow auxiliary lemmas, provided each lemma is accompanied30

by its proof.31

Algebraic proofs are proofs constructed using only the recursive definitions of addition32

and multiplication together with the five fundamental algebraic laws of arithmetic: the33

commutativity and associativity of addition and multiplication, and the distributivity of34

multiplication over addition.35

Models are instructed to construct formal proofs in Lean using few-shot prompting. To36

examine models’ behavior without any detailed instructions or examples, we also test a37

zero-shot prompt where models are simply asked “Prove by induction” without feeding any38

example. In all settings, the use of Lean’s Mathlib library and automated tactics is prohibited.39

As a baseline set, we use the 20 arithmetic problems from our previous benchmark [1]40

(e.g., a + 1 = 1 + a). In addition, we introduce a new evaluation set designed to probe the41

limits of LLMs’ formal proof generation capabilities in a controlled setting. The new dataset42

consists of 20 commutativity theorems for addition generated by progressively increasing43

both the number of variables and the number of required applications of the commutativity44

© Jane Open Access and Joan R. Public;
licensed under Creative Commons License CC-BY 4.0

42nd Conference on Very Important Topics (CVIT 2016).
Editors: John Q. Open and Joan R. Access; Article No. 23; pp. 23:1–23:3

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:risakochaan@keio.jp
[https://orcid.org/0009-0001-1517-2572]
mailto:minesima@abelard.flet.keio.ac.jp
[https://orcid.org/0000-0002-2801-9171]
mailto:mitsu@abelard.flet.keio.ac.jp
[https://orcid.org/0000-0001-9117-4935]
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


23:2 Do LLMs Scale on Inductive Proofs?

law. The problems range from (a + b) + c = c + (b + a) and ((a + b) + c) + d = d + (c + (b + a))45

to formulas containing up to 22 variables.46

We evaluate LLMs across varying levels of proof complexity. For direct inductive proofs,47

complexity is measured by the maximum nesting depth of mathematical induction. For48

algebraic proofs, complexity is measured by the number of applications of algebraic laws.49

We evaluate a state-of-the-art reasoning model (GPT-5.2) and a standard model (GPT-4o)50

on Lean 4 formal proof generation tasks.51

3 Experimental Results and Discussion52

The results on the baseline set are as follows. For direct inductive proofs, GPT-5.2 solved53

10/20 problems, substantially outperforming GPT-4o, which solved 6/20. For inductive proofs54

with lemmas, GPT-5.2 again substantially outperformed GPT-4o, solving 18/20 problems55

compared with 7/20 for GPT-4o. For algebraic proofs, GPT-5.2 solved 19/20 baseline56

problems, compared with 13/20 for GPT-4o. Overall, GPT-5.2 consistently outperformed57

GPT-4o across all proof styles. Moreover, constructing direct inductive proofs proved58

substantially more difficult than lemma-based or algebraic proofs.59

When simply instructed to “prove by induction” without specifying a proof style or60

providing examples, GPT-5.2 solved 16/20 problems, but only 4 were direct inductive proofs;61

the remaining 12 relied on auxiliary algebraic lemmas. In contrast, GPT-4o solved 4/2062

problems, all by direct induction.63

On the commutativity set, performance dropped markedly. GPT-5.2 solved 6/20 direct64

inductive proofs, 8/20 inductive proofs with lemmas, and 7/20 algebraic proofs. GPT-4o65

failed on all direct inductive and lemma-based proofs, while solving 8/20 algebraic proofs.66

For direct inductive proofs, GPT-5.2 succeeded only on the six simplest instances (in-67

duction depths 3–8), indicating a clear complexity threshold. Most failures are due to Lean68

syntax errors rather than incorrect proof steps.69

For algebraic proofs, both models performed well only on low-complexity instances. GPT-70

5.2 succeeded on the first seven problems, requiring 2–8 applications of algebraic laws, but71

failed on all remaining problems, again almost exclusively because of Lean syntax errors.72

GPT-4o achieved a slightly higher score (8/20), but its performance is less systematic: it73

fails on several low-complexity instances while solving some more difficult ones.74

Qualitative analysis shows that the dominant failure mode is syntactic errors, primarily75

mismatched parentheses in Lean 4 scripts. This finding is consistent with previous work76

showing that Transformer-based models struggle to maintain syntactic well-formedness in77

structurally complex formal languages such as Dyck languages [4].78

We further analyzed the complexity of the generated algebraic proofs. For low-complexity79

problems, both models tend to produce unnecessarily complex proofs by introducing redundant80

applications of algebraic laws. In particular, although the first two problems have target81

complexities of 2 and 3, GPT-5.2 generates proofs of complexities 6 and 7, respectively, while82

GPT-4o generates a proof of complexity 6 for the first problem. For all subsequent problems,83

the complexity of the generated proofs exactly matched the target complexity.84

4 Conclusion and Ongoing Work85

While this paper focuses on addition commutativity, preliminary experiments on multi-86

plication suggest similar degradation for multiplication commutativity, associativity, and87

distributivity. Our ongoing work investigates whether informal natural-language proof88

generation mitigates this bottleneck and how deeply nested induction affects LLM reasoning.89
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